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Abstract
In this paper, we firstly give an upper bound for the second smallest Laplacian eigenvalue
of mixed graphs which generalizes the results of Fiedler [Czechoslovake Math. J. 23 (1973)
298]. Then we present two sharp upper bounds for the largest Laplacian eigenvalues of mixed
graphs in term of the largest, smallest degrees and average 2-degrees, which improve and
generalize the main results of Merris [Linear Algebra Appl. 285 (1998) 33], Li and Pan [Linear
Algebra Appl. 328 (2001) 153], respectively. In addition, we characterize all extreme mixed
graphs which attain those upper bounds.
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1. Introduction
A graph G is denoted by G = (V ,E), where V is the vertex set and E ⊆ V ×
V \{(u, u) | u ∈ V } is the edge set. A graphG = (V ,E) is said to be simple if (u, v) ∈
E implies (v, u) ∈ E and G is said to be mixed if (u, v) ∈ E does not always imply
(v, u) ∈ E. In a mixed graph G = (V ,E), an edge (u, v) ∈ E is unoriented (or,
oriented) if (v, u) is also in E (or (v, u) is not in E); for an oriented edge (u, v)
which is also denoted by u→ v, u and v are said to be the positive and negative
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ends of u→ v, respectively. Hence, in a mixed graph, some of edges are oriented,
while others are not. For an edge e in G, let ec be an edge obtained from e by
orienting (either direction) the edge e if e is unoriented or by unorienting e if e is
oriented. Denote by Ec = {ec | e ∈ E}. The graph G˜ = (V ,E ∪ Ec) is said to be
the underlying graph of G and Gc = (V ,Ec) is called the complement of G in G˜.
Clearly, mixed graphs conclude both possibilities of all edges oriented and all edges
unoriented as extreme cases. However, in terms of defining degree of a vertex, path,
cycle, connectivity, we still focus on the underlying graphs.
LetG = (V ,E)be a mixed graph. The incident matrix of G (see [1]) is defined to be
M(G) = (mu,e), where mu,e = 1, if u is incident to an unoriented edge e or
u is the positive end of the oriented edge e; mu,e = −1, if u is the negative end of the
oriented edge e; mu,e = 0, otherwise. Thus L(G) = M(G)M(G)t = (lu,v) is the
Laplacian matrix of a mixed graph G (see [1]), where M(G)t is the transpose of
M(G). Obviously it is symmetric and positive semi-definite. Therefore, the eigen-
values of L(G), which are called the Laplacian eigenvalue of G, can be denoted by
λ1(G)  λ2(G)  · · ·  λn(G)  0 or for short, λ1  λ2  · · ·  λn  0. In par-
ticular, if G is a mixed graph with all oriented edges, L(G) is consistent with the
Laplacian matrix of a simple graph (see [8]). Hence the Laplacian matrix of a simple
graph can be regarded as the Laplacian matrix of a mixed graph with all edges oriented.
The Laplacian matrix of a simple graph has been extensively investigated in the
past 20 years. It has been established that there are a lot of relations between its spec-
trum and numerous graph invariants, such as connectivity, diameter, isoperimetric
number, maximum cut, expanding property of a graph (see, for example, [3,8,10,11]
and the references therein). For many properties of mixed graphs, readers may refer
to [1,2,7].
For the Laplacian eigenvalues of simple graphs, there are many good results on
the upper and lower bounds. Fiedler in [3] gave the relation between λn−1(G) (the
algebraic connectivity of G) and the vertex connectivity; i.e., let G be a simple graph
and ν be its vertex connectivity. Then
λn−1(G)  ν. (1)
In 1998, Merris in [9] showed that if G is a simple graph, then
λ1(G)  max
{
du +mu, u ∈ V (G)
}
, (2)
where du and mu are degree and average 2-degree (i.e., mu is the average of the
degrees of vertices adjacent to the vertex u) of the vertex u, respectively.
In 2001, Li and Pan in [6] proved the following result. Let G be a simple connected
graph with n vertices and m edges. Denote by , δ the largest and smallest degrees
of vertices in G. Then
λ1(G) 
√
22 + 4m+ 2(δ − 1)− 2δ(n− 1) (3)
with equality if and only if G is bipartite and regular.
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In Section 2, we generalize the result of Fiedler [3] to mixed graphs. In Section
3, we present two sharp upper bounds for largest Laplacian eigenvalues of mixed
graphs in term of degrees and average 2-degree of vertices which both improve and
generalize the results of Merris [9], and Li and Pan [6], respectively. In addition, we
characterize all mixed graphs which attain those upper bounds.
2. Second smallest Laplacian eigenvalue
Let G be a mixed graph. The adjacency matrix A(G) = (au,v) is given by for u /=
v, au,v = 1, if uv is an unoriented edge; au,v = −1, if u→ v or v → u; au,v = 0,
otherwise; while au,u = 0. Hence we have the following simple result:
Lemma 2.1. Let G = (V ,E) be a mixed graph and D(G) be the degree diagonal
matrix. Then
L(G) = D(G)+ A(G). (4)
Proof. It follows from their definitions and direct calculation. 
Lemma 2.2. Let G be a mixed graph of order n and e be an edge of G. Then
λ1(G)  λ1(G− e)  λ2(G)  · · ·  λn(G)  λn(G− e). (5)
Proof. Let K(G) = M(G)tM(G) be the edge version of Laplacian matrix of G.
Thus L(G) and K(G) have the same non-zero eigenvalues. Note that K(G− e) is
the principal submatrix of K(G) by the definition of K(G). Hence (5) follows from
Courant–Fisher theorem [5, Theorem 4.2.11, p. 179]. 
Lemma 2.3. Let G be a mixed graph of order n. Denote by G− u a graph obtained
from G by deleting a vertex u ∈ G and its incident edges. Then
λn−1(G)  λn−2(G− u)+ 1. (6)
Proof. Let G1 be the graph obtained from G by adding some edges (may be oriented
or unoriented) incident to u such that u is adjacent to all other vertices in G. By
repeatedly using Lemma 2.2, λn−1(G)  λn−1(G1). On the other hand, it is easy
to see that L(G− u)+ In−1 is a principal submatrix of order n− 1 of L(G1) by
Lemma 2.1, where In−1 is the identity matrix of order n− 1. Now by Courant–Fisher
theorem [5, Theorem 4.2.11, p. 179], we have λn−1(G1)  λn−2(L(G− u))+ 1.
Hence (6) holds. 
In order to state our result, we need the following notation. A mixed graph G =
(V ,E) is said to be quasi-bipartite (see [1]) if there exists a partition V = V1 ∪ V2
such that every edge between V1 and V2 is unoriented and every edge within V1 or
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V2 is oriented. Clearly, a mixed graph with all edge oriented is quasi-bipartite. The
following result, in essence, belongs to [1].
Lemma 2.4. Let G be a connected mixed graph of order n. Then λn(G) = 0 if and
only if G is quasi-bipartite.
Proof. Assume that λn(G) = 0, then 0 is a boundary point of Geršgorin disk since
L(G) is diagonal dominant matrix from Lemma 2.1. Let x = (xu, u ∈ V (G)) /= be
an eigenvector of L(G) corresponding to 0. By Theorem 6.2.5 in [5, p. 355], we
have |xu| = |xv| = k for any u, v ∈ V (G). Denote by V1 = {u; xu = k} and V2 =
{u; xu = −k}. Then V1 and V2 are a partition of V (G). Further, by Lemma 2.1 and
L(G)x = 0, we have 0 = duxu +∑v∼u auvxv , where v ∼ u, in here and in the se-
quel, stands for an oriented or unoriented edge of G. Hence xu = −auvxv for u ∼ v.
Now it follows from the definition of the adjacency matrix of G that every edge
between V1 and V2 is unoriented and every edge within V1 or V2 is oriented.
Conversely, if G is quasi-bipartite, then there exists a partition V = V1 ∪ V2 such
that every edge between V1 and V2 is unoriented and every edge within V1 or V2 is
oriented. Let x = (xu, u ∈ V (G)), where xu = 1 or −1 if u ∈ V1 or V2, respectively.
It is easy to see that L(G)x = 0. So λn(G) = 0. 
Theorem 2.5. Let G be a connected mixed graph of order n with the vertex con-
nectivity ν. If there exist vertices u1, u2, . . . , uν such that G− {u1, u2, . . . , uν} is
disconnected and quasi-bipartite, then
λn−1(G)  ν.
Proof. By repeatedly applying Lemma 2.3, we have λn−1(G)  λn−ν−1(G−
{u1, u2, . . . , uν})+ ν. Since G− {u1, u2, . . . , uν} is disconnected and quasi-bipar-
tite, there are at least two connected components each of which is quasi-bipartite.
Hence by Lemma 2.4, we have λn−ν−1(G− {u1, u2, . . . , uν}) = 0. So the assertion
holds. 
Corollary 2.6. Let G be a mixed graph of order n with the vertex connectivity ν. If
G is quasi-bipartite, then λn−1(G)  ν.
Proof. Since any subgraph of a quasi-bipartite graph remains quasi-bipartite, the
assertion follows from Theorem 2.5. 
Remark 2.7. Obviously, Theorem 2.5 is a generalization of the Fiedler result from
simple graphs to mixed graphs. The condition in Theorem 2.5 is not generally de-
leted, otherwise the assertion may not hold. For example, let G be a mixed graph of
order 7 obtained by identifying one vertex of the complete graph K4 with all oriented
edges and one vertex of the complete graph K4 with all unoriented edges. It is easy
to see that ν(G) = 1 and λ6(G) = 2.
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3. The largest Laplacian eigenvalue
We first state a simple result on the largest Laplacian eigenvalues of mixed graphs,
which generalizes the result of Grone and Merris in [4].
Lemma 3.1. Let G be a mixed graph of order n. Then
+ 1  λ1(G)  2. (7)
Moreover, if G is connected, then the left equality in (7) holds if and only if  =
n− 1 and G is quasi-bipartite; and the right equality in (7) holds if and only if G is
regular and Gc is quasi-bipartite.
Proof. Clearly, G contains a star graph K1, (some edges are oriented and some
edges are unoriented) as a subgraph of G. It is easy to see that λ = + 1 is an ei-
genvalue of L(K1,). Therefore, λ1(K1,)  + 1. By repeatedly applying Lemma
2.2, + 1  λ1(G).
Assume  = n− 1 and G is quasi-bipartite, then there exists a partition V =
V1 ∪ V2 such that every edge between V1 and V2 is unoriented and every edge within
V1 or V2 is oriented. Put P = diag(pu, u ∈ V (G)), where pu = 1 or −1 if u ∈ V1
or u ∈ V2, respectively. Then P(nIn − Jn)P − L(G) is diagonally dominant matrix
which implies that it is positive semi-definite, where In and Jn are the identity and all
one matrices, respectively. On the other hand, the largest eigenvalue of P(nIn − J )P
is n. Hence λ1(G)  λ1(P (nIn − Jn)P ) = n = + 1. So the left equality in (7)
holds.
Conversely, suppose that λ1(G) = + 1. If  < n− 1, then G contains a sub-
graph H which is isomorphic to the graph obtained from a star graph K1, and a
single edge e by identifying one pendent vertex of the star graph and one vertex of
the single edge.
By direct calculation, λ1(H) > + 1, which implies λ1(G)  λ1(H) > + 1
by Lemma 2.2. It is a contradiction. Therefore,  = n− 1. Let dw = n− 1 and V1 =
{u ∈ V (G), uw is oriented} ∪ {w} and V2 = {u ∈ V (G), uw is unoriented}. Clearly,
V1 and V2 are a partition of G. Now we show that G is quasi-bipartite. If there exists
an unoriented edge e within V1, then let H1 be a subgraph of G consisting of the
star graph K1,n−1 centered at the vertex w and the edge e. By direct calculation,
λ1(H1) > n = + 1. It is a contradiction. Therefore every edge within V1 is ori-
ented. By similar argument, we can show that every edge within V2 is oriented and
every edge between V1 and V2 is unoriented. Therefore, G is quasi-bipartite.
By the Geršgorin theorem (see [5, Theorem 6.2.5, p. 355]), there exists vertex u
such that |λ1(G)− du|  du. Hence the right inequality in (7) holds. If G is regular
and Gc is quasi-bipartite, then the there exists a partition V = V1 ∪ V2 such that
every edge between V1 and V2 is oriented and every edge within V1 and V2 is unori-
ented. Put x = (xu, u ∈ V (G)), where xu = 1 or −1 if u ∈ V1 or V2, respectively.
Thus L(G)x = 2x and the equality in (7) holds. Conversely, if λ1(G) = 2, then
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let x /= 0 be an eigenvector ofL(G) corresponding to 2. Hence by Theorem 6.3.5 in
[5, p. 355], |xu| = |xv| = k for u, v ∈ V (G). From the equation L(G)x = 2x, we
have |2xu| = |∑u∼v auvxv + duxu|  |2duxu|  |2xu| for any u ∈ V (G). Hence
du =  and xu = auvxv for any u ∈ V (G), u ∼ v and therefore, G is regular. Denote
by V1 = {u, xu = k} and V2 = {u, xu = −k}. Then auv = −1 if and only if uv is an
edge between V1 and V2, and auv = +1 if and only if uv is an edge within V1 or V2.
Therefore Gc is quasi-bipartite. 
In the following two theorems, we will present two sharp upper bounds for the
largest Laplacian eigenvalue. Theorem 3.2 is an improvement and generalization of
the result by Li and Pan in [6] and Theorem 3.3 improves and generalizes the result
by Merris in [9].
Theorem 3.2. Let G be a connected mixed graph of order n with m edges. Denote
by , δ the largest and smallest degrees of G, respectively. Then
λ1(G)  +
√
2m− (n− 1)δ + (δ − 1) (8)
with equality if and only if Gc is quasi-bipartite and G is regular graph.
Proof. Let x /= 0 be an eigenvector of L(G) corresponding to λ1(G) with∑
u∈V (G) x2u = 1. Thus by Lemma 2.1, we have
λ1(G)xu = duxu +
∑
v∼u
auvxv =
∑
v∼u
(xu + auvxv),
and
(λ1(G)− du)xu =
∑
v∼u
auvxv.
Hence by Cauchy–Schwarz inequality, we have
λ1(G)
2x2u =
(∑
v∼u
(xu + auvxv)
)2
(9)
 du
∑
v∼u
(xu + auvxv)2 (10)
= d2ux2u + 2du(λ1(G)− du)x2u + du
∑
v∼u
x2v . (11)
Note that∑
u∈V
du
∑
v∼u
x2v =
∑
u∈V
du
(
1 −
∑
v ∼u
x2v
)
= 2m−
{∑
u∈V
dux
2
u +
∑
v∈V
( ∑
u ∼v,v /=u
du
)
x2v
}
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 2m−
{∑
u∈V
dux
2
u +
∑
v∈V
δ(n− dv − 1)x2v
}
= 2m− δ(n− 1)+ (δ − 1)
∑
u∈V
dux
2
u.
Hence by the above equations and
∑
u∈V x2u = 1, we have∑
u∈V
λ1(G)
2x2u 
∑
u∈V
d2ux
2
u +
∑
u∈V
2du(λ1 − du)x2u +
∑
u∈V
du
∑
v∼u
x2v

∑
u∈V
du(2λ1(G)− du)x2u
+
∑
u∈V
(
2m− δ(n− 1)+ du(δ − 1)
)
x2u.
Therefore,∑
u∈V
{
(λ1(G)
2 − du(2λ1(G)− du)− 2m+ δ(n− 1)− du(δ − 1)
}
x2u  0.
(12)
Hence there exists at least one vertex w ∈ V (G) such that
λ1(G)
2 − 2dwλ1(G)+ d2w − 2m+ δ(n− 1)− dw(δ − 1)  0.
Solving the equation, we have
λ1(G) dw +
√
2m− (n− 1)δ + dw(δ − 1)
 +√2m− (n− 1)δ + (δ − 1).
Thus, (8) holds.
Assume that the equality in (8) holds, i.e., λ1(G)=+√2m−(n−1)δ+(δ−1).
We first show that for any u ∈ V (G), xu /= 0. Suppose that xs = 0 for some s ∈
V (G), then by (9) and (11), we have that xv = 0 for each v ∼ s. Since G is connected,
we have that xu = 0 for each u ∈ V . A contradiction.
Denote fu(t) = t2 − 2dut + d2u − 2m+ δ(n− 1)− du(δ − 1). Denote yu =
du +√2m− (n− 1)δ + du(δ − 1) and y = +√2m− (n− 1)δ + (δ − 1) =
λ1(G). It is easy to see that for each vertex u ∈ V , the quadratic function fu(t)
is increasing for t  du. Then fu(y)  fu(yu) = 0 with equality if and only if
y = yu which is equivalent to du = . Therefore ∑u∈V fu(y)x2u  0. Since for
each vertex u, xu = 0, the inequality (12) becomes equality and the coefficient of
x2u is zero for each vertex u. This implies that du = . Therefore G is regular. Thus
λ1(G) = 2. By Lemma 3.1, Gc is quasi-bipartite.
Conversely, if G is regular and Gc is quasi-bipartite, then λ1(G) = 2 by Lemma
3.1. Hence the equality in (8) holds, since the right side in (8) is 2. 
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Remark 3.3. By direct calculation, it is easy to see that (8) is never worse than (3)
which is the result of Li and Pan [6] for simple connected graphs.
Now we present another upper bound for the largest Laplacian eigenvalues of
mixed graphs in term of degrees and average 2-degree.
Theorem 3.4. Let G be a mixed graph of order n. Denote by du and mu the degree
and average 2-degree of the vertex u ∈ V (G), respectively. Then
λ1(G)  max
u∼v
{
du + dv +
√
(du − dv)2 + 4mumv
2
}
. (13)
Moreover, if G is connected, then the equality in (13) holds if and only if Gc is quasi-
bipartite, and G is regular or semi-regular. In other words, there exists a partition
V11, V12, V21, V22 of V (G) such that every edge within V11 ∪ V21 or V12 ∪ V22 is
unoriented, every edge between V11 ∪ V21 and V12 ∪ V22 is oriented; the degrees of
vertices within V11 ∪ V12 or V21 ∪ V22 are the same, respectively.
Proof. Without loss of generality, we may assume that G is connected. Let x /= 0
be an eigenvector of L(G) corresponding to λ1(G). Thus L(G)x = λ1(G)x. Put
xu = duyu and without loss of generality, let ys = max{|yu|, u ∈ V (G)} and |yt | =
max{|yu|, u ∼ s}. Thus |ys | > 0 and |yt | > 0. (Otherwise, |yt | = 0 and λ1(G)xs =
dsxs,which yieldsλ1(G) = ds. It contradicts to Lemma 3.1.) FromL(G)x = λ1(G)x,
we have for any u ∈ V (G),
λ1(G)duyu = d2uyu +
∑
v∼u
auvdvyv. (14)
Hence, in particular, for u = s and u = t ,
|λ1(G)− ds ||ys |  1
ds
∑
v∼s
|asvdvyv|  ms |yt | (15)
and
|λ1(G)− dt ||yt |  1
dt
∑
v∼t
|atvdvyv|  mt |ys |. (16)
Multiplying (15) and (16), we have
|λ1(G)− ds ||λ1(G)− dt |  msmt .
Solving the equation, we have that λ1(G)  12 (ds + dt +
√
(ds − dt )2 + 4msmt),
which yields the desired result (13).
Suppose that G is connected. If the equality in (13) holds, then the equalities in
both (15) and (16) hold. Hence for any v ∼ s, |yv| = |yt | and for any v ∼ t , |yv| =
|ys |. Since G is connected, by repeatedly using the equalities both in (15) and (16),
it is easy to see that for any u ∈ V (G), |yu| = |ys | or |yt |, if the distance between
vertices u and s is even or odd, respectively.
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Firstly, we will show that for any u ∈ V (G), |yu| = |ys | = |yt |. Therefore, the
equality in (15) implies that λ1(G) = du +mu for each u ∈ V (G).
Assume that |ys | > |yt |. LetU = {u, |yu| = |ys |} andW = {v, |yv| = |yt |}. Thus
U /= ∅ and W /= ∅ are a partition of V (G) and there are no edges within U or W.
Put k = |yt |/|ys |. Then 0 < k < 1. Furthermore from (15) and (16), we have
λ1(G) = du + kmu for any u ∈ U , and λ1(G) = du + (1/k)mu for any u ∈ W . Let
dp = min{du, u ∈ U} and dq = max{du, u ∈ W }. Then
mq = 1
dq
∑
u∼q
du 
1
dq
∑
u∼q
dp = dp,
mp = 1
dp
∑
u∼p
du 
1
dp
∑
u∼p
dq = dq.
Hence
mq + kmp  dp + kmp = λ1(G) = dq + 1
k
mq  mp + 1
k
mq.
Then
(k − 1)mp 
(
1
k
− 1
)
mq  0,
which yields k  1. It is a contradiction. Hence for any u, v ∈ V (G), |yu| = |yv| and
du +mu = dv +mv .
Secondly, we will show that G is regular or semi-regular. Therefore, V (G) can be
partitioned into V1 and V2 such that the degrees of vertices within V1 or V2 are the
same, respectively.
We assume that G is not regular. Then,  = δ. Let i, j ∈ V (G) such that di = 
and dj = δ. It is obvious that δ  mu  . Therefore,
+ δ  di +mi = λ1(G) = dj +mj  δ + . (17)
Therefore, λ1(G) = + δ. In addition, inequality (17) becomes equality which im-
plies that mj =  and mi = δ. It follows that du = δ for each u ∼ i and dv =  for
each v ∼ j . Denote V1 = {v ∈ V (G), dv = } and V2 = {v ∈ V (G), dv = δ}. Then
there are no edges within V1 or V2. Since G is connected, it is easy to see that for
each vertex v ∈ V (G), either dv =  or dv = δ. Therefore, {V1, V2} is a bipartition
of V (G). It follows that G is semi-regular.
Finally, we will show that Gc is quasi-bipartite.
Since for any u, v ∈ V (G), |yu| = |yv| = a, we may partition V (G) into V11 =
{u ∈ V1, yu = a}, V12 = {u ∈ V1, yu = −a}, V21 = {u ∈ V2, yu = a} and V22 =
{u ∈ V2, yu = −a}. From (15) and (16), yu and auvyv have the same sign for each
u ∈ V (G) and each v ∼ u. Hence every edge within V11 ∪ V21 or V12 ∪ V22 is un-
oriented and every edge between V11 ∪ V21 and V12 ∪ V22 is oriented. Hence Gc is
quasi-bipartite.
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Conversely, if Gc is quasi-bipartite, and G is -regular, then by Lemma 3.1,
λ1(G) = 2. So the equality in (13) holds. If Gc is quasi-bipartite and G is semi-
regular. Denote dp and dq the degrees of the vertices in V11 ∪ V12 and the de-
grees of vertices in V21 ∪ V22, respectively. Let x = (xu, u ∈ V (G)) be a vector with
xu = dp,−dp, dq and −dq for u ∈ V11, V12, V21 and V22, respectively. It is easy to
show that L(G)x = (dp + dq)x. So λ1(G) = dp + dq . On the other hand, mu = dq
for u ∈ V11 ∪ V12 and mu = dp for u ∈ V21 ∪ V22. Hence the right side in (13) is
dp + dq . So the equality in (13) holds. 
Corollary 3.5. Let G be a mixed graph of order n. Then
λ1(G)  max
{
du +mu, u ∈ V (G)
}
. (18)
If G is connected, then the equality in (18) holds if and only if Gc is quasi-bipartite
and G is regular or semi-regular.
Proof. Let
ϕ = max
u∼v
{
du + dv +
√
(du − dv)2 + 4mumv
2
}
=
dp + dq +
√
(dp − dq)2 + 4mpmq
2
,
where p ∼ q, dp +mp  dq +mq.By direct calculation, ϕ  dp +mp. Hence (18)
follows from Theorem 3.4. The equality case also follows from Theorem 3.4. 
Remark 3.6. From Theorem 3.4 and Corollary 3.5, We can see that (18) is never
worse than (2) which is the main result of Merris in [9].
As a conclusion of this section, let us give an example to illustrate the upper
bounds for the largest eigenvalue of a mixed graph.
Example 3.7. Let G be a mixed graph in Fig. 1.
The largest eigenvalue of the Laplacian matrices of graphs G1 and their upper
bounds are as follows:
Fig. 1.
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λ1(L(G)) Bound in (2) Bound in (3) Bound in (8) Bound in (13)
G 4.414 5 5.477 5.449 4.561
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